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The Ten Theorems Take Two 
 
Although proofs of the theorems that follow might need to be saved for older students, the 
objects they refer to (e.g. harmonic means, arithmetic functions, the Fibonacci numbers) can be 
fruitfully investigated by younger children as well. 
 
1. Circular Motion (Grades 6-12) 

Consider two circles tangent to each other. The larger one is fixed, and has three times the 
diameter of the smaller one. The smaller one rolls around the outside of the larger one. 
How many full rotations has the small one made once it has returned to its starting point? 
(hint: the answer is not three!) 

Jeff O’Brien, Maine Coast Waldorf School 
 

2. Square Numbers (Grades 6-12)  
A sum of three complete squares is divisible by 9. Prove that among them there are two 
numbers, whose difference is divisible by 9. 

Margarita Slavina, Chicago Waldorf School 
 

3. Fibonacci Numbers (Grades 7-12) 
In each of the following, 𝐹" denotes the nth Fibonacci number: 
𝐹# = 1, 𝐹' = 1, 𝐹( = 2, 𝐹* = 3, 𝐹, = 5 and in general 𝐹" = 𝐹".# + 𝐹".' for 𝑛 ≥ 3. 
 Prove: 

a) 𝐹# + 𝐹( + 𝐹, +	∙	∙	∙ +	𝐹'".# = 𝐹'" 
 
b)	𝐹' + 𝐹* + 𝐹4 +	∙	∙	∙ +	𝐹'" = 𝐹'"5# − 1 
 
c)	𝐹"5#' − 𝐹"𝐹"5' = 	 (−1)" 

from Number Theory by George E. Andrews 
 

4. The Emperor's Oats (Grades 6-10) 
You have been invited to the emperor's banquet. The emperor is a rather strange host. 
Instead of sitting with his guests at his large round dining table, he walks around the table 
pouring oats on the head of every other person. He continues this process, pouring oats on 
the head of everyone who has not had oats until there is only one person left.  The 
question is, where should you sit to avoid having oats poured on your head?   Assume: As 
soon as someone has oats poured on her head, she excuses herself and leaves the table, 
while the emperor continues going around and around pouring oats, skipping a person, 
pouring oats, etc.  

By Joan Countryman, via Lisa Ayrault, Seattle 
 
5. Circle and Square (Grades 7-10) 

Begin with a semi-circle, and inscribe a square within it.  
Birte Vestergaard, Oslo, Norway 

 



The Ten Theorem Project  2018 

Center for Contextual Studies  Math Colloquia 
findingcontext.org  Beth Weisburn & Marisha Plotnik 

 
6. Three Means (Grades 7-10) 

Show that, given n positive real numbers, their harmonic mean is less than or equal to their 
geometric mean, which is less than or equal to their arithmetic mean, with equality if and 
only if all of the numbers are equal. 

Marisha Plotnik, Rudolf Steiner School, New York City 
 

7. Divisions of a Line (Grades 7-10) 
How do you divide a line segment, using only compass and straight-edge, into n equal 
parts? For example, divide a line segment into 7 equal parts. 

George Herschkowitz, Summerfield Waldorf School 
 
8. Area, Plane and Solid (Grades 8-11) 

a. Consider the ring that lies between two concentric circles, the smaller one of radius r 
and the larger of radius R. Construct a circle that has the same area as that ring. 

b. Consider the shell that lies between two concentric spheres, the smaller one of 
radius r and the larger of radius R. Show that any plane that intersects both spheres 
defines a cross-sectional surface of constant area.  

Margarita Slavina, Chicago and Thomas Neukirchner, Kassel, Germany 
 
9. Ordered Pairs and π (grades 8-12) 

The arithmetic function 𝑟(𝑛) is the number of ordered pairs (𝑥, 𝑦) such that 
 𝑛 = 𝑥' + 𝑦'. For example, 𝑟(5) = 8 because 

            5 = (+1)' + (+2)' = (+2)' + (+1)' = (−1)' + (+2)' = (+2)' + (−1)' 
           = (+1)' + (−2)' = (−2)' + (+1)' = (−1)' + (−2)' = (−2)' + (−1)' 

and these expressions correspond to the ordered pairs: 
 (1,2), (2,1), (-1,2), (2,-1), (1,-2), (-2,1), (-1,-2), (-2,-1) 
The average value of 𝑟(𝑛) over the integers 0,1,2,… , 𝑧 − 1 is 
 

𝑟(0) + 𝑟(1) + 𝑟(2) +⋯+ 𝑟(𝑧 − 1)
𝑧  

 
If we call the numerator of this fraction 𝑅(𝑧), we can show that: 

lim
E→G

H(E)
E

 exists, and is equal to 𝜋          
         

Dan Marsch, Rudolf Steiner School, New York City 
 

10. Möbius Pairs (grades x-y) 
If 𝑓(𝑛) and 𝑔(𝑛) are two arithmetic functions satisfying the condition 𝑓(𝑛) = ∑ 𝑔(𝑑)N|"  
then we say that {𝑓(𝑛), 𝑔(𝑛)} is a Möbius pair. 
 
Theorem: {𝑛, 𝜑(𝑛)}	, {𝑑(𝑛), 1}	𝑎𝑛𝑑	{𝜎(𝑛),𝑛} are all Möbius pairs. 

from Number Theory by George E. Andrews 


